The primary goal of this paper is to investigate the combined effects of strain rate and microscopic parameters (fiber off-axis orientation, array pattern and crosssectional shape) on the mechanical behavior of metal matrix composites (MMCs). To this end, a rate-dependent micromechanical model by the combination of finitevolume theory and Bodner-Partom viscoplastic model is developed to analyze the inelastic response of MMCs. In the simulations, the fibers are modeled as linearly elastic while the metal matrix exhibits viscoplasticity. The macroscopic stress-strain response, local stress and strain fields are obtained simultaneously. An acceptable agreement has been found between the model's prediction and finite-element results, which demonstrates the good predictive capabilities of the proposed method. It is concluded that the composite response is strongly affected by strain rate, fiber array pattern and cross-sectional shape in the elastic-plastic region but to a lesser extent in the elastic region. Furthermore, the clustering array provides stiffer response than random and square ones; the square fiber predicts stiffer response than circular and elliptical ones. However, increasing the strain rate will weaken the influence of clustering array and square fibers.
Introduction
Due to their excellent mechanical properties, low density, creep resistance and outstanding designability characteristics, metal matrix composites (MMCs) have been widely used for structural designs in aerospace engineering, transportation and biology for several decades. Determination of mechanical behavior of the MMCs has attracted the attention of many researchers.
In the last decade, many constitutive models have been established to capture the mechanical properties of composites. In general, these models can be divided into two types, namely, the macromechanical models and micromechanical ones. Sun and coworkers [1, 2] proposed a macromechanical constitutive model to characterize the nonlinear response of composites. The model was later improved by Guedes [3] to account for the rate dependence, creep and stress relaxation behaviors of composites. Raimondo et al. [4] developed a three-dimensional phenomenology-based model to study the strain rate effects on elastic and failure properties of composites. Abu-Farsakh and coworkers [5] investigated the stress distributions in laminated composite plates with a central circular hole and having various stacking sequences using finite element method (FEM). Gun and Kose [6] proposed a boundary element method for the prediction of longitudinal modulus of aligned discontinuously fiber reinforced composites. However, the macromechanical models are hampered by the factor that the effects of microstructure and individual constituent properties are ignored. Thereby, the macromechanical approach is inefficient, as the properties influenced by microstructures need to be tested repeatedly.
Compared with the macromechanical models, the micromechanical approaches incorporate microscopic parameters like volume fraction, off-axis orientation, fiber cross-sectional shape and fiber array, which influence the macroscopic behavior of composites. Therefore, micromechanical modeling of composites has gained popularities in the recent years. Goldberg and coworkers [7, 8] developed a micromechanical model to investigate the rate-dependent response of polymer matrix composites, in which the composite representative volume element (RVE) was divided into arbitrary number of slices. In the slicing algorithm, however, the stress components are assumed to be uniform in each subslice, while in reality, the local stresses can vary throughout the entire composites. Therefore, the slicing algorithm might be ineffective in composite nonlinear and failure analysis. Huang [9] [10] [11] proposed a general constitutive model for nonlinear and failure analysis of composite laminates based on the bridging micromechanics and classical lamination theory. The bridging micromechanics is validated and computationally efficient for solving the mechanical problems of composites, but it is not easy to model composites with complex internal microstructures. Paley and Aboudi [12] developed a micromechanical model called generalized method of cells (GMC). Babu and coworkers [13, 14] employed GMC to model metal matrix composites. Tsai and Chi [15] employed GMC to investigate the thermal residual stress effect on the mechanical behaviors of fiber composites with different fiber arrays. Ye et al. [16, 17] investigated stress-strain response and failure strength of composites based on GMC. Nonetheless, the method of solution in GMC is obtained by assuming a piecewise uniform stress and strain fields, which also results in inaccurate predictions. Bansal and Pindera [18, 19] proposed the finitevolume direct averaging micromechanics (FVDAM) by utilizing quadratic polynomial to approximate the displacement field within the discretized RVE to analyze the inelastic deformation of unidirectional MMCs. FVDAM is superior to GMC because it can provide spatially varying stress and strain fields in the analysis. FVDAM has been developed into a sophisticated mechanical approach and applied in many reports [20] [21] [22] for composite analysis. However, previously in FVDAM, the classical theory of plasticity based on the associate flow rule with yielding governed by the von Mises criterion was used to simulate the inelastic behavior of matrix. It can hardly describe inelastic deformation of composites accurately due to the choice of bilinear representation for the stress-strain response of matrix phase.
In this paper, FVDAM is further extended to account for the rate dependence of the matrix. A rate-dependent micromechanics model by combination of the FVDAM and the Bodner-Partom viscoplastic model is proposed to describe the inelastic behavior of MMCs. On this basis, the comprehensive effects of strain rate and microscopic parameters (fiber off-axis orientation, array pattern and cross-sectional shape) on the mechanical behavior of MMCs are investigated. 
Finite-volume micromechanics
FVDAM is a micromechanical model developed by Bansal and Pindera [18, 19] for the analysis of heterogeneous materials with periodic microstructures. Later, a parametric version of the FVDAM model is introduced by Gattu et al. [23] , Khatam and Pindera [24] . The parametric FVDAM is based on micro-structural discretization of RVE in the reference coordinate system onto quadrilateral subvolumes in the actual microstructure. Thus, the fidelity and efficiency of the FVDAM to model composites containing complex microstructures are greatly improved.
In the finite-volume theory, a proper RVE is extracted first so that overall composites can be simulated by RVE, as shown in Figure 1 . The RVE is then divided into N β × N γ quadrilateral subvolumes, designated by index k. The kth quadrilateral subvolume is created by mapping the reference square subvolume in the η-ξ plane bounded by -1 ≤ η ≤ 1 and -1 ≤ ξ ≤ 1 to its actual location using the transformation given by Eq. (1).
where
As shown in Figure 2 , the subvolume vertices for p = 1, 2, 3, 4 such that p+1→1 when p = 4.
In the parametric FVDAM theory, the displacement field in the kth subvolume is represented by the twoscale expansion involving macroscopic and fluctuating components
where μ and Γ are elastic shear modulus and thermal stress coefficients, respectively, in the kth subvolume. ΔT is the temperature change, which is spatially uniform throughout RVE. The surface-averaged strains on the faces of the kth quadrilateral subvolume in the actual microstructure needed in the expressions for the surface-averaged tractions are obtained upon using the transformation in the two coordinate systems, which is given by
and J is Jacobian of the transformation. p and p denote the faces of quadrilateral and reference subvolume, respectively. Thus, ˆ1, 3
The surface-averaged strains are obtained in terms of the unknown coefficients
, which are then expressed explicitly in terms of surface-averaged fluctuating displacement components through Eqs. (5) and (6), and the applications of volumeaveraged equilibrium equations
Subsequently, a local stiffness matrix is constructed for each kth subvolume by relating the surface-averaged displacements to the surface-averaged tractions, which can be expressed as follows,
contains unit normal vectors n, which define the orientation of each subvolume faces. ˆt h σ and ˆp l σ are the surface-averaged thermal and inelastic stresses, respectively.
Applying surface-averaged traction and displacement continuity at each interface of the subvolumes and periodic boundary conditions between adjacent RVEs, respectively, yields the global stiffness equations for the determination of the surface-averaged displacements as follows,
where K global is the global stiffness matrix. ΔC comprised the differences in the local stiffness matrix of the adjacent subvolumes. Γ global and G global represent thermal and inelastic contributions, respectively. Once the surface-averaged displacement vector U′ is obtained, the volume-averaged where ε̅ ij are the macroscopic strains. The fluctuating displacement components
are represented by the second-order Legendre polynomial expansion in the reference coordinates (η, ξ), which are given by
W are the unknown microvariables. Using the strain-displacement relations in Eq. (4), the local strains can be obtained in terms of the macroscopic and fluctuating strain components,
Integrating interfacial displacements for the kth subvolume in the reference coordinates produces the surfaceaveraged displacements (the subscript k is omitted for convenience), which provides the fundamental unknowns for the parametric FVDAM.
The surface-averaged traction components for the kth subvolume can be obtained in terms of interfacial stresses upon use of the Cauchy's relations
herein, l p and n (p) are the length and unit normal vector, respectively, of the pth face.
For the kth subvolume, the interfacial stresses are related to the corresponding strains through the generalized Hooke's law as follows, strains ε̅ (k) in each kth subvolume can be obtained in terms of macro-strains ε̅ and thermal-plastic terms D (k) , through Hill's [25] localization relations as follows,
where A (k) is Hill's strain concentration matrix in the kth subvolume. Ultimately, the macro-stresses σ̅ can be expressed using homogenization theory as follows,
where v
/V is the volume fraction of the kth subvolume. The effective stiffness matrix C * and thermal-plastic stresses can be computed as follows,
where σ̅ pl(k) are the volume-averaged inelastic stresses in the kth subvolume.
Unified viscoplastic constitutive model
In order to model the rate-dependent response of MMCs, the unified Bodner-Partom plastic model is incorporated into the FVDAM framework. The new micromechanical model enables efficient analysis of periodic composites with viscoplastic phases. In the Bodner-Partom viscoplastic model [26] [27] [28] , the total strain rate ij ε of a material is composed of elastic strain rate e ij ε and inelastic strain rate ,
where the elastic strain rate can be obtained by the time derivative of Hooke's law. The inelastic strain rate can be defined in the following form,
where S ij = σ ij -σ kk δ ij /3 is the deviatoric stress component and δ ij is the Kronecker delta. Λ is a flow rule function, which can be expressed as where n̅ = 0.5(n+1)/n and n is a material constant. J 2 = 0.5S ij S ij is the second deviatoric invariant. The constant D 0 defines the limiting strain rate in shear. Z is the hardening function, which is assumed to be
Herein, Z 0 , Z 1 and m are inelastic constants, and W p is the plastic work.
Model validation and numerical results
In order to validate the proposed FVDAM model, the elastic moduli of boron/aluminum composites with circular fiber and volume fraction of 47% were first calculated and compared with the finite element results of Sun and Vaidya [29] ; analytical results of Ye et al. [27] , Riley and Whitney [30] and Sun and Chen [31] ; and obtained experimental data [32] . The elastic constants of boron are E = 379.3 GPa, v = 0.1; the elastic constants of aluminum are E = 68.3 GPa, v = 0.3. The results are shown in Table 1 . As observed, the predictions of FVDAM agree well with finite element results and as well as experimental data. Furthermore, the transverse tensile behavior of fiber reinforced titanium (Ti) matrix composites with volume fraction of 30% were examined at strain rates of 0.1/s and 1/s and compared with the results of FEM available in the study by Haj-Ali and Aboudi [33] , respectively, as shown in Figure 3 . In the calculation, the fibers were modeled as isotropic and linearly elastic while the Ti matrix was modeled as isotropic and viscoplastic. The material parameters of constituents [33] are listed in Table 2 . Once again, the model exhibits an excellent agreement with the results of FEM. Thereby, it is verified that the method can be used in the mechanical analysis of MMCs.
Simultaneously, the microscopic evolution of effective plastic strains can be also revealed in the simulations. Figure 4 presents the effective plastic strain fields for MMCs at strain rate of 0.1/s and different values of mechanically applied transverse strains. It is seen that an applied 0.25% strain does not give rise to any plastic strains ( Figure 4A) . When the applied strain is increased to 0.5%, plastic strains start to appear in the localized region in the matrix phase ( Figure 4B ), which explains the initiation of yielding also observed in the macroscopic stress-strain curve in Figure 3 . Due to the property mismatch between the fiber and matrix phases, stress concentrations are observed near the fiber/matrix interface. It implies that such location will yield first and produce permanent plastic strains at certain loading stage. Increasing the mechanically applied strain will further increase the extent and magnitude of plastic strains. It is seen that when the applied strain is increased to 1%~2%, the composite is yielded more sufficiently and the plastic strains become evident over greater matrix region ( Figure 4C and D), which results in pronounced nonlinear behavior in the macroscopic stress-strain curve.
Effects of off-axis angle and strain rate
In order to examine the influence of strain rate and offaxis orientation on the inelastic behavior of MMCs, three strain rates (0.01/s, 0.1/s and 1/s) and four off-axis orientations (0°, 30°, 60° and 90°) were examined. The volume fraction is prescribed as 30%. The results are shown in Figure 5 . The results clearly indicate that the strain rate and off-axis orientations significantly influence the tensile response. When the load is applied parallel to fiber direction (i.e. 0° off-axis orientation), the composite response is hardly affected by the strain rate ( Figure 5A ). This indicates that the fibers bear most of the load and not pass to matrix phase under this type of loading; thereby, the viscoplastic behavior of matrix is not exhibited. For the remaining off-axis orientations, the differences due to strain rate, although still indistinguishable in the elastic region, become evident when the composite is sufficiently yielded. The influence of strain rate becomes the most pronounced in the 90° off-axis orientation cases ( Figure 5D ). This is because of the fact that differences due to strain rate are magnified, as this direction involves direct stress transfer between the fiber and matrix phases. Increasing the strain rate results in stiffer stress-strain response and higher flow stress in the plastic region, while the elastic response almost remains unchanged. It can be explained by the fact that in the high strain rate cases, the composite has less time to unload and transfer stress, which will increase the magnitude of effective stress in the fiber (see Figure 6 ) and minimize the plastic flow in the matrix. At the same time, high strain rate can produce higher magnitude of hydrostatic stress outside the fibers (see Figure 7 ), which will further suppress plastic flow and provide constraint on plastic zone expansion in the matrix, and eventually produce a substantially overall strengthening effect in the macroscopic stressstrain curves.
Effects of fiber array and strain rate
During the manufacturing process, the actual fibers are not always distributed uniformly. Fiber irregularities may arise naturally or may be introduced manually in order to control the mechanical behavior of composites. Particularly, fiber clustering may occur occasionally. Thus, it is important to investigate the influence of fiber array pattern on the mechanical properties in MMCs. Figure 8 illustrates three RVEs with different types of fiber arrays, namely, square (uniform), random and clustering arrays. Figure 9 shows the transverse stress-strain responses in the case of MMCs with volume fraction of 30% for three different fiber arrays at strain rates of 0.01/s, 0.1/s and 1/s. It is seen that in the elastic region, the stress-strain responses for the composites with different fiber arrays are virtually identical. But in the nonlinear region, the clustering array provides the stiffest response and the effect at different strain rates is similar. Furthermore, the flow stress for random array is slightly lower than that of square array. Figure 10 illustrates the effective stress distributions for composites subjected to transverse loading at strain of 1.5% and strain rate of 0.1/s. It is found that the differences in fiber array patterns result in substantially different magnitudes and distributions of local stresses. In detail, the magnitudes of effective stresses in the matrix of clustering array are lower than those with square and random arrays, which are offset by a much higher magnitude of effective stresses in the fibers. Thus, the clustering fiber array provides a stiffer response than do square and random arrays.
To clearly comprehend the effect of strain rate and fiber array pattern on the properties of MMCs, the percent of differences for clustering and random arrays with respect to square array at different strain rates, which are defined as Δ = (σ i -σ s )/σ s × 100% (σ i is flow stress for clustering and random arrays at strain of 1.5%, and σ s is the flow stress for square array at strain of 1.5%), was calculated. The stress at strain of 1.5% was used in the calculation because the stress approaches the ultimate stress of composites at this macroscopic strain level. The comparison of the percent difference changing with the strain rate is shown in Figure 11 . The results indicate that increasing strain rate tends to slightly weaken the effect of fiber irregularities. This is also due to the factor that when the strain rate is high, the composites have less time to transfer stress and unload; thereby, the effect of fiber irregularities is not fully exhibited.
Effects of fiber shape and strain rate
Finally, we investigated the effect of fiber shape on the transverse response of unidirectional MMCs in square array. Generally, a square fiber is the simplest crosssectional shape for approximating actual fiber shape of composites while a circular fiber is more accurate and representative to simulate the actual fiber shape in composites compared with square fiber. On the other hand, the cross-sectional shape of a fiber is not always a perfect circle because of the manufacturing defects; this, sometimes, may be elliptical. Thus, three kinds of fiber shapes were considered in the micromechanical analysis, namely, circular, elliptical (with an aspect ratio of 2) and square fibers, as shown in Figure 12 . It should be noted that in the case of elliptical fibers, the transverse loading was applied in both of the principle material directions x 2 and x 3 due to the differences along these directions. Figure 13 presents the transverse responses in the case of MMCs with volume fraction of 0.3 and at strain rates of 0.01/s, 0.1/s and 1/s. The results indicate that the fiber shape plays a significant role in influencing the transverse response of MMCs in the viscoplastic region. When the matrix is sufficiently yielded, the square fiber exhibits the stiffest response while the circular fiber provides the most compliant response. The elliptical fiber generates an immediate response. In particular, in the elastic-plastic transition stage, the response of the elliptical fiber is slightly stiffer in the x 2 direction than the responses of the remaining fiber shapes. This is due to the factor that the major axis of the elliptical fiber lies along the x 2 direction. However, once yielding initiates, the difference vanishes.
Similarly, the percent of differences for square and elliptic fibers with respect to circular fiber at different strain rates, which are defined as Δ = (σ j -σ c )/σ c × 100% (σ j is flow stress for square and elliptical fibers at strain of 1.5%, and σ c is the flow stress for circular fibers at strain of 1.5%) was calculated. As observed in Figure 14 , although the square fiber is still the most effective in increasing the flow stress of composites, the differences for square fiber become somewhat less pronounced in high strain rate cases whereas the effect of elliptical fiber exhibits a slight increase. The basic mechanism is the suppression of yielding through effective and hydrostatic stress alterations as stated before (not shown).
Summary and conclusions
A micromechanical model based on parametric FVDAM and Bodner-Partom viscoplastic model has been developed, which enables accurate and efficient analysis of periodic composites with viscoplastic phases. On this basis, the comprehensive influence of strain rate and microscopic parameters (fiber off-axis orientation, array pattern and cross-sectional shape) on the mechanical behavior of MMCs was investigated. The macroscopic stress-strain response and local stress and strain fields were obtained in the simulations. Results show that the composite response is apparently affected by strain rate, fiber array pattern and cross-sectional shape in the viscoplastic region but to a lesser extent in the elastic region. Specifically, increasing the strain rate can increase the flow stress of composites in the plastic region; the clustering fiber provides the stiffest response relative to square and random fibers. In addition, the square fibers can provide stiffer response and higher flow stress than the elliptical and circular ones. Finally, increasing strain rate tends to weaken the influence of clustering array and square fiber shape.
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